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ON A CLASS OF EXACT PARTICULAR SOLUTIONS OF THE EQUATIONS OF 
TRANSONIC GAS FLOWS 

B.  I.  Z a s l a v s k i i  a n d  N. A. K l e p i k o v a  

Z h u r n a l  P r i k l a d n o i  M e k h a n i k i  i T e k h n i c h e s k o i  F i z i k i ,  No .  6, pp .  6 5 - 6 8 ,  1965  

The paper presents exact particular solutions of the equations of 
transonic gas flows, analogous to the solutions derived in [ i - a ]  
for the case of short waves. These solutions are used to construct the 
flow around a body in a supersonic stream with an attached shock. 

w  L e t  u, v b e  t h e  c o m p o n e n t s  o f  t h e  v e l o c i t y  
v e c t o r  in  t h e  d i r e c t i o n s  x,  y of  a r e c t a n g u l a r  s y s t e m  
of  c o o r d i n a t e s ,  a t h e  s p e e d  o f  s o u n d ,  t t h e  t i m e ,  P . ,  

p . ,  a .  t h e  c r i t i c a l  p a r a m e t e r s  of  t h e  f low,  I a e h a r a c -  

t e r i s t i c  l e n g t h ,  a n d  e a s m a l l  p a r a m e t e r .  We i n t r o d u c e  
t h e  f o l l o w i n g  n o t a t i o n :  

a ,  •  ' a ,  •  ' a , t ,  

Y = e"~Y, P*z v = t l ,-,t--,- a ,  2 = p--~ , ~** ,  t ,  = ~--. . 

T h e  e q u a t i o n s  o f  u n s t e a d y  t r a n s o n i c  f l ow  [4,  5] a r e  t h e n  

#u ou  ov ou  ov 
or U g 2 - t - g - V  = 0 ,  b-~ + b-~ = 0 .  ( 1 . 1 )  

W e  s h a l l  s e e k  p a r t i c u l a r  s o l u t i o n s  o f  ( 1 . 1 )  in  t h e  f o r m  

U = r  Y~ -~- r  Y + % ( q , ~ )  

V =q:~ (q, ~) Y'~ + ~  (q, ~) y2 + ~  (q, ~) y + %  (q, ~) 

X ~  qyO4- X~ (q, -r) Y-f- Xo (q, T) (q - -pa rame te r ) .  ( 1 . 2 )  

S u b s t i t u t i n g  ( 1 . 2 )  i n t o  ( 1 . 1 ) ,  w e  o b t a i n  a s y s t e m  of  
f i r s t - o r d e r  p a r t i a l  d i f f e r e n t i a l  e q u a t i o n s  f o r  t h e  

f u n c t i o n s  q)2, (P~, q)0, ~3, Cz, $~, r )~0, w h e r e  t h e  
s u b s c r i p t s  d e n o t e  d i f f e r e n t i a t i o n :  

%.: - -  Cs(P~q -- 2q~sq + 3~l:s = 0 ,  

% ,  -! r - -  %q%~: - -  r - -  %r + 

+ 2~'2 4- 3%X~q - -  2~Pzq q - -  ~ l l P3 q  = O ,  

(Po~ + q~,X,q + ~.X0q - -  thqX~: --- q%D(o~ - -  %q% - -  

-- q3xr - -  r 4- ~)l ] -  2*2Xlq 4- 3~PsZo.~ -- 

q00:Xo,~ - -  r - -  %q%q 4- *,Zo:~ - -  X,%,~ ' = 0 ,  

2~22 - -  2qCzq + *3q = 0 ,  

qhXo~ -- (Po~Xt + *o1 = 0 ,  

Following ill, w e  r e d u c e  t h e  s y s t e m  ( 1 . 3 )  to  t h e  f o r m  

% ,  + 4qeh + 3 , a  --eg2q).~,~ - -  4q"q~2,~= O, ( 1 . 4 )  

~Pt = q)oq (% + 6q 2) - - q h x l  - - % , ,  

, ,  = ~/2 cL,~ (r + 4q ~) - -  r - -  qr  - -  % r  

~0q = r - -  r  

(1.4) 
Xlqr + 4q2x~(~-- %,~--  r  4qxl  = 0,  (cont~d)  

~P2q = cp2qZ~ + 2qr - -  2r - -  r  

)~(P2 "~- 4q2%0q - -  Xo~ - -  tpo - -  %12 = 0, 

q0,r = qhqXl -4- 2q%q - -  2%X0q - -  qh~te �9 

T h e  f u n c t i o n  ~2 a r e  d e t e r m i n e d  f r o m  t h e  e q u a t i o n  

( p ~  - -  r  (% + 4q ~) - -  q%q (r - -  2q) - :  2r = 0 ( 1 . 5 )  

w h i c h  h a s  t h e  p a r t i c u l a r  s o l u t i o n s  

(g~ = A (~) V " q - +  B ( z ) ' - - O  (~) q - -  (/) (~), 

(p~ = - - q 2 + C ( x ) .  

H e r e  C(y)  a n d  B(~-) a r e  a r b i t r a r y  f u n c t i o n s ,  a n d  D a n d  
d e p e n d  o n  t h e  c h o i c e  of  B f f ) .  In  t h e  s t e a d y  c a s e  A,  

B,  C = c o n s t . ,  a n d  t h e  g e n e r a l  s o l u t i o n  o f  ( 1 . 5 )  a n d  
i t s  s i n g u l a r  i n t e g r a l  a r e  

'r = 2A ] / q  4- B - -  4Bq - -  8BL (1 .6)  

r  = _ q2 + C.  

L e t  u s  a s s u m e  ~#oq = C#2qv + #, Xoq = v, ~Plq = q)2q x 
x Xlqq = 7?. T r a n s f o r m a t i o n s  a n a l o g o u s  to  t h o s e  u s e d  

i n  [1] r e d u c e  t h e  s y s t e m  ( 1 . 4 )  to  t h e  f o r m  

~q (r + 4q ~) -4- 2~t (r 4- 3q) - -  I~ - -  2~)~ = 0 ,  

vq (qD~ + 4q ~) + 8qv - -  v,  - -  I~ - -  2)~1)~1q = 0 ,  

~q (r + 4q 2) + 2~ (qD,q + q) - -  ~: = 0,  

~1r ((P2 4- 4q ~) + ~1 (%q -b t2q)  - -  ~1, - -  ~q = 0 ,  

% = ~ (r Xx - -  r d q ,  ( 1 . 7 )  

�9 ~ = 'I~. (h~ (r + 4q ~) - -  r - -  q~t - -  ' Is  ( h , ,  

�9 t =  (Poq (q~2 + 4q ~) - -  r - -  (~0v, 

3 %  = r (% + 4q ~) - -  4q% - -  (p~,. 

TO f ind  s o l u t i o n s  of  t h e  f o r m  ( 1 . 2 ) ,  w e  m u s t  i n t e g r a t e  
e q u a t i o n  ( 1 . 5 )  a n d  s o l v e  c o n s e c u t i v e l y  t h e  a b o v e  f o u r  

e q u a t i o n s .  

w In t h e  s t e a d y  c a s e  t h e  g e n e r a l  s o l u t i o n  of  ( 1 . 7 )  

i s  
~ = C exp ( - -  ~ 2 (q~( -t- q ) j  --~--------~- dq ), 

~1= e x p (  ~ r + 12q ~- -  j ~  dq/ .  (2. 1) 
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. [ f ~ e x p \ j ~ '  ~' ~ ( ~ ; + 1 2 q d q )  dq+C~] ,  

~' 2(~; + 3q) d@ 
= exp  ( - -  3 -~ - "+~-"  )" 

(2. ]) 
(Cont~d) 

q)2~ - -  r ((P2 + 4q2)  - -  q~2q ( ~  - -  4q) - -  4q) = 0 ,  

~P3 = - -  ~/* [ ~ 2 ~ - -  q~*q (q~2 + 4q~) + 4qq~,] . 

In p a r t i c u l a r ,  the  c l a s s  of e x a c t  s o l u t i o n s  (3.2) 
i n c l u d e s  the so lu t ion  

U = --  ~/~q~Y~ + C~q'/'+ ~~ 

X = qy2 __ a/~C~q-V,__ ~lvC2q-'l, § Cs 

When (P~- -q~  e C, t h e n f o r  ~ and # i d e n t i c a l l y  equa l  
equa l  to z e r o  the  s o l u t i o n s  (2.1) r e p r e s e n t  a P r a n d t l -  
M a y e r  type  f low t o g e t h e r  wi th  a f low of a n o t h e r  type.  
T h e  t r a n s i t i o n  l i n e - - a  s t r a i g h t  l ine  when v -= 0, C = 0, 
and a c u r v e d  l ine  when  v z 0 - - a l w a y s  p a s s e s  t h rough  
the  s i n g u l a r  point .  T h u s ,  the s y s t e m  (2.1) d e s c r i b e s  
both the  s u b s o n i c  and the  s u p e r s o n i c  p a r t s  of the  
f low. 

F o r  )/1 0, cot = 0 the  func t ions  (P0, ~/0, ~b~, r a r e  

d e t e r m i n e d  f r o m  the  equa t ions  

% = Xo' (q~ + 4q2), ~ = %' (r -~ 4qt), 

vq (q~ + dq 2) + 8qv - -  I~ - -  0 

~tq ((p~ + @2) + 2~ (q)( + 3 q ) =  0, 

% = a/3 [q~( ((p2 § 4q 2) - -  4qq~2l (X .=S  vdq) . 

When ~ = 2A V-q + B - -  4Bq - -  8B ~ , the  g e n e r a l  
so lu t i on  of th is  s y s t e m  is 

=(71q §  "/'1% + dq2]-,.~; 

v -- Iq FBI  '/' [q~"- § -'''~ [ C ~ r q i  B -- 2CI; 

% = l q  ~ B I  -'j.l~". t 

+ 4([-I -v, [r ] /q  4 B - -  2C1 (%, + 5q*); 

% = - -  ~'/~ 1%'  (~2 + 4q ~) - -  2q~]. 

w In t e r m s  of  the  c o o r d i n a t e s  

X =  r y = : - - r  e-% r = 2 T ,  t ,  2 
a , t , e  ' a , t ,  " ca,  

the  equa t ions  of a x i s y m m e t r i c  flow a r e  [5] 

OU l] Or; i)V V OV OU 
o - Y - -  :o-Y- 5 ~ v  + -V- = ~  ~2  -t- -~g - = ~  (3"~) 

T h e s e  e q u a t i o n s  have  a c l a s s  of e x a c t  p a r t i c u l a r  

s o l u t i o n s  of the  f o r m  

U eO~(q,~)Y~4 I(q~2qv+~t)dq, X =  q Y Z + ~ v d q  

(3.2) 
V = % (q, ~) )'~ § 2Y .I [-- e;'zv + q(P2~ v 4 q~] dq, 

w h e r e  the  func t ions  r v, V a r e  d e t e r m i n e d  by the  

e q u a t i o n s  

v ,  - -  v,~ (ep.~ + 4q ~) - -  8qv + bt = 0, 

~ ,  - -  ~q (q~2 + 4qt) - -  ~ (2(p,q + 4q) = 0,  

V = -- 4/gqaYa § Clq%Y --  2~ 

(C1, C2. Cs = const). 

w C o n s i d e r  a s h a r p - n o s e d  body in a u n i f o r m  
s u p e r s o n i c  flow. U p s t r e a m  of the body t h e r e  wil l  be  
a c o m p r e s s i o n  shock ,  a c r o s s  which  t h e r e  m u s t  hold 
the  d y n a m i c  c o m p a t i b i l i t y  cond i t i ons ,  which  in the  

t r a n s o n i c  a p p r o x i m a t i o n  a r e  [4] 

OX , OX ~ 

(4. ~) 
OX 

( U - - U 1 ) y  U -  V - - V 1  

w h e r e  X = X(Y, T) r e p r e s e n t s  the  pos i t i on  of the shock ,  
and UI, V1 a r e  the  c o m p o n e n t s  of the  v e l o c i t y  v e c t o r  
u p s t r e a m  of the  shock .  We sha l l  c o n s i d e r  f lows with  

an a t t a c h e d  shock ,  r e p r e s e n t e d  by the  p a r a b o l a  

X = qoY 2 § 2DqoY. (4.2) 

When t h e  f low is  n o n - s t e a d y ,  then  q - q0(T) and 
D = D0(z ) a r e  func t ions  of t i m e .  We sha l l  c o n s t r u c t  
the  so lu t ion  by m e a n s  of the  p a r t i c u l a r  so lu t i ons  (1.2) .  
T h e s e  s o l u t i o n s  do not i nc lude  enough a r b i t r a r i n e s s  
to enab le  us to s a t i s f y  a l l  boundary  cond i t i ons  at the  
shock  and at  t he  body s u r f a c e  f o r  a r b i t r a r y  body 
conf igu i ' a t ion .  T h e r e f o r e  we sha l l  c o n s t r u c t  a so lu t ion  

c o m p a t i b l e  with (4.1), (4.2), and sha l l  take  the s t r e a m -  
l ine  p a s s i n g  th rough  the i n t e r s e c t i o n  of the c o o r d i n a t e  
ax i s  and the  shock  as  the  body c o n t o u r .  

T h e  cond i t i ons  at the  shock  (4.1), at which  q - q,,  
i m p o s e  the  fo l lowing  bounda ry  cond i t i ons  on the  func -  

t ions  ~0, ~ t ,  • X l f o r  q=q~ ,  

~2§ 2 = 0 '  2 0 q - - % ~ = 0 ,  

~/~q~2q~ q - -  10qcp, = 0, ~ i - -  q~2)~*q = 0, 

q%~ - -  4)~1~1 - -  4q)~e q = 0, 

% - -  U 1 - -  Xo~q~2 = 0, ~o - -  XiXoQ~2 = 0.  

(4.3) 

F o r  q0 = q(T) the  c o m p a t i b i l i t y  cond i t i ons  at the 

shock  a r e  

dq / dz = - -  (cp2 + 4q 2) + 1/2th, 

d(p~ / dT = 1/2r (T~q - -  20q), 

dq) 1 / dT = l/2q~l~q): - -  6qq~ l - -  4q~2x~, 

qD~ - -  (P#lq = 0, 
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d~o f dr ~ l/2~p= ((Poq - -  4Xlq%z - -  4q%oq), 

(Po - -  U, - -  Xoq~p== 0, ~Po - -  %lXoqq~= = 0. 

Y 2o~. 
I - a ~ x / , '  

. o~~  
/ t f 

a ,  ' " '#l # / I 

#,'/ /# l  / 
,,/,, ,: ,' 

~ , , . , , . ,  j 
( ,~ i1~.1 i # i ~ i l / #  

_ ,,~ I - I I l ]  , i  .1 i l l  
Q I J I b  I ' / I *I " ;~I~. ~ , ,  , ~ ~ . , ' / / /  
�9 / , ;  ,I ,' ,,' ,' , ' /d/; / /  

08 1.8 
,X 

2.4, 

Let us cons ide r  the steady case.  F r o m  (4.3) it  
follows that if the flow u p s t r e a m  of the shock is un i -  
form,  then 

Thus,  a flow with a parabol ic  shock has the fo rm 

U =--8qo'(p~ Y2--i6qo'D~2 Y + qDo--8qoID=(p~, 

X =- qopY ~ T 2 D q o Y p -  

P 

1 

V = '2/8qo' [ 5 ~  (2(p, - -  p=) + p~,  i (Y -}- D): - -  ( 4 .4 )  

- -  8qo (Y -t- D) { - - ' /~  (5, ,  - -  p) % + Y 1 (2/p, - -  p=)'i, • 

x [ ( t 2 -  l t p ) - ' i ' %  */a (12--,t  tp)-'/']} + 32qoaD*Y, 

~ o  = - -  ' l , , U ~  112 - -  1 tp  I 'i' (2,~ - -  

_ p~)-'l ,  [3 ] / 1 2 -  11p -1- 8 l .  ( 4 . 4 )  
(contid) 

The a r b i t r a r y  cons tants  C, D a re  de te rmined  f rom 
the given veloci ty Ul and the angle of the shock at the 
point Y = 0. F r o m  (4.1) and (4.4) we get 

c ~ u _ A  
4 ' 

t dX D=~qo~- 
Here q0 is a f ree  p a r a m e t e r ,  which can be chosen so 
that the t r ans i t i on  l ine will  pass through the point 
X = 1, Y = 0. The f igure  r e p r e s e n t s  the flow for the 
case  U1 = 2.16,  dX/dY = 1. The dashed l ines a re  l ines 
of equal veloci t ies  and p r e s s u r e s ,  the solid l ine is the 
shock. The profi le  of the body in this case is close to 
the profi le  of a wedge with s t rong  cu rva tu re  of the 
wails  n e a r  the t r ans i t i on  line.  

REFERENCES 

1. B. I. Zas lavski i ,  "On the nonl inear  in te rac t ion  
of the spher ica l  shock wave genera ted  by the detona-  
t ion of a submerged  charge with the free surface  of 
water ,"  PMTF,  no. 4, 1964. 

2 .  O. A. Berez in  and A. A. Grib,  "Nonregular  
re f lec t ion  of a plane shock wave in water f rom the 
free surface,"  PMTF,  no. 2, 1960. 

3. B. I. Zas lavsk i i ,  "Some pa r t i cu la r  solut ions of 
the equations of ' s ho r t '  waves," PMTF, no. 1, 1962. 

4. L. V. Ovsyannikov, "Equat ions of t ransonic  gas 
flow," Vestn,  Leningr .  un- ta ,  no. 6, 1952. 

5. O. S. Ryzhov and G. M. Shelter ,  "On nonsteady 
gas flows in Laval nozzles ,"  AN SSSR, vol. 128, no. 3, 
1959. 

27 July 1965 Novosib i rsk  


